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ABSTRACT 
In this note we give an answer to an open question posed by Marshall and Olkin 
on the majorization between the diagonal elements and the eigenvalues of an 
oscillating matrix. 
1. PRELIMINARIES 
A real matrix A is totally nonnegative (totally positive) if all the minors of 
A are nonnegative (positive); A is oscillating if it is totally nonnegative and if 
some power of it is totally positive. In particular each totally positive matrix is 
an oscillating matrix. We shall make use of the following well-known proper- 
ties of oscillating matrices [l, pp. 100, 112, 115, 1241. 
THEOREM (Gantmacher and Krein). 
(i) Zf A =(aii) is an n X n totally nonnegative matrix, then A is an 
osciEZating matrix iff det A # 0 and ai, i+l, CX,+~, i > 0, i = l(l)n - 1. 
(ii) Zf A is an oscillating matrix, then any principal submatrix formed 
from consecutive rows and columns of A is an oscillating matrix. 
(iii) Zf A is an oscillating matrix, then the eigenvalues of A are positive 
and simple, and strictly interlace those of the two principal s&matrices of A 
of order n - 1 obtained by deleting the last row and column or the first row 
and column. 
The eigenvalues and the diagonal elements of a matrix A arranged in 
decreasing order will be denoted by h,(A) and S,(A), respectively. As usual, 
the trace of A is denoted by trA. 
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2. MAJORIZATION 
In [2, p. 2611, Marshall and Olkin posed the open question if the diagonal 
elements of a totally positive matrix can be majorized by its eigenvalues. It is 
well known that such a majorization holds for Hermitian matrices (e.g. [2, p. 
2181). The following theorem answers this question and shows that the 
majorization is strict. 
THEOREM. Let n 3 2 and A = (cxii) be an n X n oscillating matrix. Then 
k k 
x &(A)< x A,(A), k=l(l)n-1. (1) 
i=l i=l 
Proof. We proceed by induction. In case n = 2 the greatest eigenvalue of 
A is given by 
h(A) = 
a11 + a22 + [b,, - %d2 +4~,2~2,y 
2 
Since ai2cx2i > 0, (1) clearly holds for n = 2. Assume it holds for n - 1. Let A 
be an n X n oscillating matrix with (~ii = S,(A), (Y,, = a,,,( A), and without 
loss of generality assume p < m [otherwise replace A by LAL, L = (S,_i+l, i), 
where aii is the usual Kronecker delta; LAL is an oscillating matrix with the 
same eigenvalues as A, whose diagonal elements are those of A in reverse 
order]. Denote by B (C) the submatrix of A obtained by deleting the last 
(first) row and column of A. Then, using the theorem of Gantmacher and 
Krein, the formula 
n-l 
trC= 2 hi(C), 
i=l 
and the induction hypothesis applied to B and C, it follows that 
k k k k 
2 S,(A)= z 6,(B)< z A,(B)< 2 X,(A), k=l(I)m-I, 
i=l i=l i=l i=l 
n-1 n-l 
2 Si(C) > 2 Xi(C), k=2(l)n -1. 
i=k i=k 
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i S,(A) = .gl Si(C)a “i’ hi(C)> i h,(A), 
i=k i=k-1 i=k-1 i=k 
k = p + l(l)n. 
(2) 
Suppose there exists an integer k’, m G k’< n - 1, such that 
k’ k’ 
i=l i=l 
Then from (2) it follows that trA > h,(A)+ . . . +X,(A), and we have thus 
arrived at a contradiction, n 
REMARK. From (1) it follows that, in particular, 6,(A) < X,(A), a,( A) > 
X”(A). This strengthens Theorem 9. J. 1 in [2, p. 2601. 
COROLLARY. Zf n Z= 2 and A and B are n X n oscillating matrices, then 
trAB > i Xj( A)X,_,+r( B). 
i=l 
(3) 
Proof. We proceed as in [2, p. 2491. Put A = (cuii), B = (pii). Then, using 
part (i) of the theorem of Gantmacher and Krein, a proposition of Hardy, 
Littlewood, and Polya (e.g. Proposition 6.A.3 in [2, p. 141]), and Theorem 
3.H.3.b in [2, p. 951, we have 
trAB> i a,,&, 3 2 6,_,+,(A)&(B) 
i=l i=l 
3 C h,-,+,(A)‘,(B) = 2 A,(A)an-i+l(B)* 
i=l i=l 
Using again the last-quoted theorem, the proof is completed. 
REMARK. The weak inequality holds for positive semidefinite Hermitian 
matrices [3]. 
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Each totally nonnegative matrix can be approximated arbitrarily closely 
by totally positive matrices [4]. Thus, the majorizations (1) and (3) with < 
replaced by < are valid for totally nonnegative matrices. 
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